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Abstract
So far, the masses of excited states of mixed orbital symmetry and in particular those of nonstrange [70, 1−] baryons
derived in the 1/Nc expansion were based on the separation of a system of Nc quarks into a symmetric core and an
excited quark. Here we avoid this separation and show the advantages of this new approach. The basic conclusion is
that the first order correction to the baryon masses is of order 1/Nc instead of order N
0
c , as previously found. The
conceptual difference between the ground state and the excited states is therefore removed in this approach.
1. Introduction
In 1974 ’t Hooft [1] suggested a perturbative ex-
pansion of QCD in terms of the parameter 1/Nc
where Nc is the number of colors. This suggestion,
together with the power counting rules of Witten
[2] has lead to the 1/Nc expansion method which
allows to systematically analyse baryon properties.
The current research status is described, for exam-
ple, in Ref. [3]. The success of the method stems
from the discovery that the ground state baryons
have an exact contracted SU(2Nf ) symmetry when
Nc → ∞ [4,5], Nf being the number of flavors. A
considerable amount of work has been devoted to
the ground state baryons [5,6,7,8,9,10,11]. ForNc →
∞ the baryon masses are degenerate. For finite Nc
the mass splitting starts at order 1/Nc. Operator re-
duction rules simplify the 1/Nc expansion [6,7]. It is
customary to drop higher order corrections of order
1/N2c .
It is thought that ’t Hooft’s suggestion [1] would
lead to an 1/Nc expansion to hold in all QCD
regimes. Accordingly, the applicability of the ap-
proach to excited states is a subject of current in-
vestigation. In order to construct orbitally excited
states here we consider the extended symmetry
SU(2Nf ) × O(3), which is no more a symmetry of
QCD. The group O(3) brings an additional degree
of freedom and we properly construct excited states
of Nc fermions which are symmetric in the orbital-
spin-flavor space. They are combined with the
unique antisymmetric wave function in the colour
space to give a totally antisymmetric state. One can
view the SU(2Nf ) × O(3) symmetry as a large Nc
constituent quark model symmetry. But this does
not imply any of the dynamical assumptions of the
quark model. The only common ingredient is that
the excited states are stable.
In the language of the constituent quarkmodel the
excited states can be grouped into excitation bands
with N = 1, 2, 3, etc. units of excitation energy.
Among them, the N = 1 band, or equivalently the
[70, 1−] multiplet, has been most extensively stud-
ied, either forNf = 2 [12,13,14,15,16,17,18,19,21] or
for Nf = 3 [22]. In the latter case, first order cor-
rections in SU(3) symmetry breaking were also in-
cluded. In either case, the conclusion was that the
splitting starts at order N0c .
The N = 2 band contains the [56′, 0+], [56, 2+],
[70, ℓ+] (ℓ = 0, 2) and [20, 1+] multiplets. There are
no physical resonances associated to [20, 1+]. The
few studies related to the N = 2 band concern the
[56′, 0+] forNf = 2 [23], [56, 2
+] forNf = 3 [24] and
[70, ℓ+] for Nf = 2 [25], later extended to Nf = 3
[26]. The method has also been applied [27] to highly
excited nonstrange and strange baryons belonging
to [56, 4+] which is the lowest of the 17 multiplets
of the N = 4 band [28].
For excited states the mass operatorM is defined





where the coefficients ci are reducedmatrix elements
that embed the QCD dynamics and are determined
from a fit to the existing data. Here we are concerned







ℓ ·O(k)SF , (2)
where O
(k)
ℓ is a k-rank tensor in O(3) and O
(k)
SF a k-
rank tensor in SU(2), but invariant in SU(Nf ). The
spin-flavor (SF) operators O
(k)
SF are combinations of
SU(2Nf ) generators, the lower index i in the left
hand side representing a specific combination. Each
n-body operator is multiplied by an explicit factor of
1/Nn−1c . Some compensating Nc factors may arise
in the matrix elements when Oi contains a coherent
operator such as Gia or T a.
The excited states belonging to [56, ℓ] multiplets
are rather simple and can be studied by analogywith
the ground state. In this case both the orbital and
the spin-flavor parts of the wave function are sym-
metric. Naturally, it turned out that the splitting
starts at order 1/Nc [24,27], as for the ground state.
The states belonging to [70, ℓ] multiplets are ap-
parently more difficult. So far, the general practice
was to decouple the baryon into an excited quark
and a symmetric core. There are two drawbacks
in this procedure. One is that each generator of
SU(2Nf ) must be written as a sum of two terms,
one acting on the excited quark and the other on
the core. As a consequence, the number of linearly
independent operators increases tremendously and
the number of coefficients to be determined becomes
much larger than the experimental data available.
For example, for the [70, 1−] multiplet with Nf = 2
one has 12 linearly independent operators up to or-
der 1/Nc included [16], instead of 6 (see below). We
recall that there are only 7 nonstrange resonances
belonging to this band. Consequently, in selecting
the most dominant operators one has to make an
arbitrary choice [16].
In this practice the matrix elements of the ex-
cited quark are straightforward, as being described
by single-particle operators. The matrix elements of
the core operators Sic, T
a
c are also simple to calcu-
late, while those of Giac are more involved. Analytic
formulas for the matrix elements of all SU(4) gen-
erators have been derived in Ref. [29]. Every ma-
trix element is factorized according to a general-
ized Wigner-Eckart theorem into a reduced matrix
element and an SU(4) Clebsch-Gordan coefficient.
These matrix elements have been used in nuclear
physics, which is governed by the SU(4) symmetry.
They can straightforwardly be applied to a any sys-
tem of Nc nonstrange quarks. Recently we have ex-
tended the approach of Ref. [29] to SU(6) [30] and
obtained matrix elements of all SU(6) generators be-
tween symmetric [Nc] states.
The decoupling of a single quark influences the
1/Nc expansion, introducing two terms of order N
0
c
in the mass operator. The presence of these opera-
tors implies the existence of three towers of degen-
erate states separated by mass differences of order
N0c [19,20]. Our point of view is that the predic-
tion of three towers of degenerate states is related
to the decoupling of the Nc-th particle as an excited
quark from a core in a symmetric state, which in-
vokes a Hartree picture for excited states. The real
world (Nc = 3) does not support the predictions of
Refs. [19,20], bringing serious problems for states
with I = 3/2. Also, it is difficult to extract a three
tower structure from low-lying baryon resonances.
The second drawback is related to the truncation
of the available basis vector space. The orbital-
flavor-spin wave function is totally symmetric and
is given by a linear combination of terms of equal
weight where each term corresponds to a given
Young tableau Y of mixed symmetry [Nc − 1, 1].
In the procedure described above only one of these
terms is kept, namely the one where the last quark
is in the second row [30]. Then by decoupling the
last quark the core remains symmetric under SNc−1.
For the neglected terms, the decoupling of the last
quark would lead to a core in a mixed symmet-
ric state as well, which would amount to solve the
initial problem with one quark less. Keeping only
the convenient term in the wave function made the
problem tractable [16]. The approximation intro-
duces some anomalies as we shall see below.
Here we propose a method where no decoupling
is necessary. All one needs to know are the matrix
elements of the SU(2Nf) generators between mixed
symmetric states [Nc − 1, 1]. For SU(4) they were
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obtained by Hecht and Pang [29]. They can be easily
applied to a system ofNc nonstrange quarks. To our
knowledge such matrix elements are yet unknown
for Nf = 3. The basic conclusion is that in the mass
formula the leading correction starts at order 1/Nc,
instead of N0c , as found before.
2. The wave function
We deal with a system of Nc quarks having one
unit of orbital excitation. Then the orbital wave
function must have a mixed symmetry [Nc − 1, 1].
Its spin-flavor part must have the same symmetry
in order to obtain a totally symmetric state in the
orbital-spin-flavor space.
The explicit form of a wave function of total an-









×|[Nc − 1, 1]SS3II3〉|[Nc − 1, 1]ℓmℓ〉. (3)
each term containing an SU(2) Clebsch-Gordan
(CG) coefficient, a spin-flavorpart |[Nc−1, 1]SS3II3〉
and an orbital part |[Nc − 1, 1]ℓmℓ〉.
3. SU(4) generators as tensor operators
The SU(4) generators Si, Ta andGia, globally de-
noted by Eia, are components of an irreducible ten-
sor operator which transforms according to the ad-
joint representation [211] of dimension 15 of SU(4).
We recall that the SU(4) algebra is








As one can see the tensor operators Eia are of three
types: Ei (i = 1,2,3) which form the subalgebra of
SU(2)-spin, Ea (a = 1,2,3) which form the subalge-
bra of SU(2)-isospin and Eia which act both in the
spin and the isospin spaces. They are related to Si,










The matrix elements of every Eia between states
belonging to the representation [Nc − 1, 1] can be
expressed as a generalized Wigner-Eckart theorem
which reads [29]
〈[Nc − 1, 1]I ′I ′3S′S′3|Eia|[Nc − 1, 1]II3SS3〉 =√
C [Nc−1,1](SU(4))




















 [Nc − 1, 1] [211] [Nc − 1, 1]





where C [Nc−1,1](SU(4)) = [Nc(3Nc + 4)]/8 is the
eigenvalue of the SU(4) Casimir operator for the
representation [Nc − 1, 1]. The other three factors
are: an SU(2)-spin CG coefficient, an SU(2)-isospin
CG coefficient and an isoscalar factor of SU(4). Note
that the isoscalar factor carries a lower index ρ =
1. In general, this index is necessary to distinguish
between irreducible representations, whenever the
multiplicity in the inner product [Nc−1, 1]×[211]→
[Nc − 1, 1] is larger than one. In that case, the ma-
trix elements of the SU(4) generators in a fixed ir-
reducible representation [f ] are defined such as the
reduced matrix elements take the following values
[29]
〈[f ]||E||[f ]〉 =
{√
C[Nc−1,1](SU(4)) for ρ = 1
0 for ρ 6= 1
. (7)
Thus the knowledge of the matrix elements of
SU(4) generators amounts to the knowledge of
isoscalar factors. In Ref. [29] a variety of isoscalar
factors were obtained. We need those for [f ] =
[Nc− 1, 1]. They are reproduced in Table 1 in terms
of our notation and typographical errors corrected.
They contain the phase factor introduced in Eq.
(35) of Ref. [29]. As compared to the symmetric
[Nc] representation, where I = S always, here one
has I = S (13 cases) but also I 6= S (10 cases).
One can easily identify the matrix elements asso-
ciated to the generators of SU(4). One has S2I2 = 10
for Si, S2I2 = 01 for Ta and S2I2 = 11 forGia, where
1 or 0 is the rank of the SU(2)-spin or SU(2)-isospin
tensor contained in the generator. The generalized
Wigner-Eckart theorem (6) is used to calculate the
matrix elements of Oi needed for the mass operator,
as described below.
4. The mass operator
Asmentioned in the introduction, here we are con-
cerned with nonstrange baryons only. Table 2 con-
tains the six possible operators up to order 1/Nc
appearing in the mass operator (1). The building
blocks of Oi are S
i, T a, Gia and ℓi. We also need
the rank k = 2 tensor operator
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Table 1
Isoscalar factors of SU(4) for [Nc − 1, 1]× [211]→ [Nc − 1, 1] defined by Eq. (6).
S1 I1 S2I2 SI






S + 1 S + 1 11 SS
√
S(S + 2)(2S + 3)(Nc − 2− 2S)(Nc + 2 + 2S)
(2S + 1)(S + 1)2Nc(3Nc + 4)
S + 1 S 11 SS




(2S + 3)(Nc + 2 + 2S)
(2S + 1)(3Nc + 4)
S S 11 SS −




S S − 1 11 SS




(2S − 1)(Nc − 2S)
(2S + 1)(3Nc + 4)




(S − 1)(S + 1)(2S − 1)(Nc + 2S)(Nc − 2S)
(2S + 1)Nc(3Nc + 4)
S + 1 S 10 SS
S S + 1 01 SS
0
S − 1 S 10 SS
S S − 1 01 SS
0
S S 10 SS




S + 1 S 11 SS − 1
√
(2S + 3)(Nc + 2 + 2S)(Nc − 2S)
(2S + 1)Nc(3Nc + 4)










(S − 1)(S + 1)Nc
3Nc + 4




(2S − 1)(2S + 1)Nc(3Nc + 4)






S − 1 S − 2 11 SS − 1
√
(2S − 3)(Nc + 2− 2S)(Nc + 2S)
(2S − 1)Nc(3Nc + 4)




S − 1 S − 1 10 SS − 1 0
S S 10 SS − 1 0






List of operators and the coefficients resulting from numerical fits.
Operator Fit 1 (MeV) Fit 2 (MeV) Fit 3 (Mev) Fit 4 (MeV) Fit 5 (MeV)




















ℓiTaGia c6 = 158 ± 118 144± 118 −202± 91








δi,−j~ℓ · ~ℓ, (8)
which, like ℓi, acts on the orbital wave function |ℓmℓ〉
of the whole system of Nc quarks (see [25] for the
normalization of ℓ(2)ij).
In Table 2 the first nontrivial operator is the spin-
orbit operatorO2. When expressed in terms of inter-
nal Jacobi coordinates, this is a two-body operator
(at least) [31]. On the other hand, the internal Jacobi
coordinates of a system of Nc particles can be used
to span the invariant subspace of the [Nc−1, 1] irrep
[32]. Both the orbital part and the spin-flavor parts
of the wave function (3) form such invariant sub-
spaces. Thus there is a full compatibility between a
two-body spin-orbit operator and the wave function
(3), which is free of center of mass motion. Hence
we treat the spin-orbit as a two-body operator. Its
matrix elements are of order 1/Nc. This is in con-
trast to the analysis made in the decoupling proce-
dure where the spin-orbit matrix elements areO(1).
The operator O3 and O4 are two-body and linearly
independent. However, in the decoupling procedure
the corresponding isospin-isospin operator taT ac /Nc
has not always been included in the analysis [22].
The operators O5 and O6 are three-body operators
but, as Gia sums coherently, it introduces an extra
factor Nc and makes the matrix elements of O5 and
O6 of order 1/Nc as well.
The matrix elements of the operators Oi are pre-
sented in Table 3. They have been calculated for
all available states of the multiplet [70, 1−] starting
from the wave function (3) and using the isoscalar
factors of Table 1. One can see that all diagonal ma-
trix elements are of order 1/Nc, except, of course,
for O1. For completeness we also indicate the off-
diagonal matrix elements.
5. Results
In Table 4 we present the masses of the nonstrange
resonances belonging to the [70, 1−] multiplet ob-
tained from the fit to the experimental values [34].
We also indicate the partial contribution (without
error bars) of each of the six terms contributing to
the total mass obtained from the values of ci of Ta-
ble 2, column Fit 1, i.e. the case with allOi included.
The fit is indeed excellent, it gives χ2dof ≃ 0.43. From
Table 2 one can see that the values of the coeffi-
cients c3 and c4 are close to each other, which shows
the importance of including O4, besides the usual
O3. In addition, one can see that O3 is dominant for
the 4NJ resonances while O4 is dominant for the ∆
resonances. This brings a new aspect into the de-
scription of excited states studied so far, where the
dominant term was always the spin-spin term [25],
the isospin term being absent in the analysis. To get
a better idea about the role of the operator O4 we
have also made a fit by removing it from the defini-
tion of the mass operator (1). The result is shown
in Table 2 column Fit 5. The χ2dof deteriorates con-
siderably, becoming 11.5 instead of 0.43 when all Oi
operators were included. This clearly shows that O4
is crucial in the fit.
When the system was decoupled into a core and




taT ac , has been included in the mass anal-
ysis. This operator is only a part of O4. Its matrix
elements are spin dependent. The sources of the spin
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Table 3
Matrix elements for all states belonging to the [70, 1−] multiplet.

























































































































The partial contribution and the total mass (MeV) predicted by the 1/Nc expansion. The last two columns give the empirically
known masses, name and status .
Part. contrib. (MeV) Total (MeV) Exp. (MeV) Name, status
c1O1 c2O2 c3O3 c4O4 c5O5 c6O6
2N 1
2
1444 -16 40 42 0 -13 1529 ± 11 1538 ± 18 S11(1535)****
4N 1
2
1444 39 201 42 -31 -33 1663 ± 20 1660 ± 20 S11(1650)****
2N 3
2
1444 -8 40 42 0 7 1525 ± 8 1523 ± 8 D13(1520)****
4N 3
2
1444 16 201 42 25 -13 1714 ± 45 1700 ± 50 D13(1700)***
4N 5
2
1444 -24 201 42 -6 20 1677 ± 8 1678 ± 8 D15(1675)****
2∆ 1
2
1444 16 40 211 0 -66 1645 ± 30 1645 ± 30 S31(1620)****
2∆ 3
2
1444 -8 40 211 0 -33 1720 ± 50 1720 ± 50 D33(1700)****
dependence are the isoscalar factors of the permu-
tation group [30,32,33], which appear in the spin-
flavor part of the wave function, as a consequence
of the truncation of the spin-flavor space. We con-
sider that the spin dependence of an isospin opera-
tor matrix elements [16] is not natural. The present
approach removes this anomaly.
The coefficient c2 of the spin-orbit term is small
and its magnitude and sign remains comparable to
that of Ref. [26] obtained in the analysis of the
[70, ℓ+] multiplet. The value of c2 implies a small
spin-orbit contribution to the total mass, in agree-
ment with the general pattern observed for the ex-
cited states [25] and in agreement with constituent
quark models.
The operators O5 and O6 are normalized to allow
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the coefficients c5 and c6 to have a natural size [19].
Table 3 implies the normalization factors 15 and 3
respectively. The error bars of c5 and c6 are compa-
rable to their mean value. Additional observables, as
for example the mixing angles, may constrain these
error bars. This is the subject of further investiga-
tions. However, the removal of O5 and O6 from the
mass operator does not deteriorate the fit too badly,
as shown in Table 2, Fits 2–4, the χ2dof becoming at
most 1.1. The partial contribution of O5 or of O6 is
generally comparable to that of the spin-orbit oper-
ator. Note that the structure of O6 is related to that
of the spin-orbit term, which makes its small contri-
bution plausible. Thus the contribution of all oper-
ators containing angular momentum is small, which
may be a dynamic effect.
6. Conclusions
The present work sheds an entirely new light into
the description of the baryon multiplet [70, 1−] in
the 1/Nc expansion. The main findings are: 1) In the
mass formula the expansion starts at order 1/Nc,
as for the ground state, instead of N0c as previously
concluded. 2) The isospin operator O4 is crucial in
the fit to the existing data and its contribution is as
important as that of the spin operator O3.
It would be interesting to reconsider the study of
higher excited baryons, for example those belonging
to [70, ℓ+] multiplets, in the spirit of the present ap-
proach. Based on group theory arguments it is ex-
pected that the mass splitting starts at order 1/Nc,
as a general rule, irrespective of the angular momen-
tum and parity of the state and also of the number
of flavors, provided SU(3)-flavor is exact.
Thus the conceptual problem [35] related to the
leading correction to the masses of excited baryon
states, thought to be of order O(1), has a solution.
We found correction of order 1/Nc, as for the ground
state.
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